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STEEPEST DESCENT EVOLUTION EQUATIONS:
ASYMPTOTIC BEHAVIOR OF SOLUTIONS
AND RATE OF CONVERGENCE

R. COMINETTI AND O. ALEMANY

ABSTRACT. We study the asymptotic behavior of the solutions of evolution
equations of the form u(t) € —9f(u(t), r(t)), where f(-,r) is a one-parameter
family of approximations of a convex function f(-) we wish to minimize.

We investigate sufficient conditions on the parametrization r(¢) ensuring
that the integral curves u(t) converge when t — oo towards a particular
minimizer us of f. The speed of convergence is also investigated, and a
result concerning the continuity of the limit point u~ with respect to the
parametrization r(-) is established.

The results are illustrated on different approximation methods. In par-
ticular, we present a detailed application to the logarithmic barrier in linear
programming.

1. INTRODUCTION

Let f: H — RU {400} be a closed proper convex function defined on a real
Hilbert space H, and consider the minimization problem

(P) min{ f(x) : x € H}.

It is known (see [4, Brézis], [5, Bruck]) that when the minimum in (P) is attained,
the trajectory defined by the steepest descent method

{ u(t) € —0f(u(t)),
u(0) = uyg,

converges weakly as ¢ — oo, towards an optimal solution u, of (P). Despite the
theoretical importance of this result, the numerical approximation of the trajectory
u(t) may be difficult because of the multivalued character of the operator df and
the fact that df(z) may be empty. Moreover, when (P) has multiple solutions, the
result does not provide additional information on which specific optimum wu, will
be attained in the limit.

To overcome these drawbacks, one may combine the steepest descent idea with
regularization techniques by considering a one-parameter family of approximating

Received by the editors February 5, 1997.

1991 Mathematics Subject Classification. Primary 34C35, 34D05; Secondary 49M10, 49M30.

Key words and phrases. Dissipative evolution equations, steepest descent, penalty and viscos-
ity methods, convex optimization.

This work was completed while the first author was visiting Laboratoire d’Econometrie, Ecole
Polytechnique, Paris. Partially supported by Comisién Nacional de Investigacién Cientifica y
Tecnoldgica de Chile under Fondecyt grant 1961131.

©1999 American Mathematical Society

4847



4848 R. COMINETTI AND O. ALEMANY

problems of the form
(P) min{ f(z,r) 1z € H},

where the functions f(-,7) are more regular than f in terms of smoothness and/or
strict convexity, and converge to the latter in an appropriate variational sense as
r — 0. In this setting one is led to combine the approximation scheme with the
steepest descent method by considering the non-autonomous evolution equation

u(t) € =of(u(t),r(t)),
(BV) { u(0) = wo,

where 7 : [0,400) — (0,4+00) is a decreasing function such that lim;_, . 7(¢) = 0.

This approach has already been considered in [2], where convergence results for
the integral curves of (EV') have been established under a strong convexity assump-
tion on the approximating functions f(-,r), and assuming that the parametrization
r(t) decays slowly towards 0. Our first goal in this paper is to extend these results
by studying the rate of convergence of the integral curves of (EV). These results
are used in the context of approximation schemes for linear programming, in order
to establish the convergence of some dual paths associated with the integral curves
u(t), towards dual optimal solutions.

In the case of a parametrization r(t) which decays fast towards 0, the asymptotic
convergence of u(t) has been investigated in [9] for the general evolution equation
(EV), and also in [7] in the particular setting of the exponential penalty method
for linear programming. In §4 we generalize the results of [7] to the abstract setting
of equation (EV).

The results will be illustrated in §5 by considering a detailed analysis of the
specific example given by the logarithmic barrier in linear programming.

The assumptions of slow and fast decay for r(¢) are not always complemen-
tary, and there may be a gap between them. However, when these conditions are
complementary, that is to say, when the integral curves wu(t) converge for every
parametrization r(t), we shall prove that the limit point varies continuously when
passing from the case of fast decay to the case of slow decay. This continuity result
will be established in the final section, §6.

In the sequel we shall freely use the standard results and notations of convex
analysis, for which the reader is referred to the classical references [8, 14].

2. BASIC ASSUMPTIONS

Throughout this paper we consider a real Hilbert space H with scalar product
and norm denoted by (-,-) and | - | respectively, while f : H — RU {400} will be a
closed proper convex function such that the minimization problem

(P) min{f(z) :x € H}

has a nonempty set of optimal solutions S(P) # .
We also consider a one-parameter family {f(-,r) : » > 0} of closed proper convex
functions defined on H, such that the minimum

(P) min{ f(xz,r) :x € H}
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is an approximation of (P) in the following sense:

min, f(x,r) — min, f(z) when r — 0, and there exists a trajectory of

(H) optimal solutions x(r) of (P,) which is absolutely continuous on every
compact interval [r1, 9] with 0 < r; < 79, and converges (strongly) to-
wards some z* € S(P) when r — 0.

We let 7 : (0,+00) — (0,400) be a continuous function such that

dx 1
—(r)| < — ae.r>0.
dr ~(r)
Without loss of generality we assume that 7 is bounded, but we allow y(r) — 0 as
r — 0, so that the derivative Z—i(r) may eventually explode as r — 0.
We associate with (P,.) the non-autonomous evolution equation

i(t) € ~0f (u(t). ().
(EV) {ao

where 7 : [0, 4+00) — (0, 4+00) is a differentiable decreasing function such that
tlim r(t) = 0.

We assume that (EV) has a (necessarily unique) global solution w : [0, 400) — H,
that is to say, an absolutely continuous function such that a(t) € —9f(u(t), r(t))
a.e. in (0,400) and u(0) = ug. The existence of global solutions for differential
inclusions like the previous one has been extensively studied in a number of papers
(see e.g. [1, Attouch & Damlamian], [10, Kenmochi] and references therein).

3. SLOW PARAMETRIZATION AND RATE OF CONVERGENCE

A general approach to the asymptotic analysis of the solution u(t) of (EV') was
given in [2], based on the assumption (H) and the slow decay of the parametrization
r(t) expressed by the condition

1) AMMMHMT:+m,

where ((r) is a strong convexity constant for the function f(-,r), that is to say,

for all r > 0 there exists 8(r) > 0 such that
(5C) F@,r) + v,y —a) + 22 e —y* < f(y.7)
for every z,y € H and v € 9f (x,r).

More precisely, we have

Theorem 3.1. In addition to the basic assumptions in §2 let us suppose that (SC)
holds with B(-) measurable and bounded over bounded sets, and that the parametriza-
tion r(t) satisfies (1) and

(2) S EGO)

Then u(t) converges strongly towards x* as t — oo.

=0.

Proof. See [2, Theorem 3.3]. O
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The essence of the analysis in such a setting consists in proving that
lim |u(t) — 2(r(t))| =0,
t—o0

which combined with (H) shows that u(t) is attracted by z(r(t)) towards z* € S(P).
Intuitively, as the parametrization r(t) goes to 0 slower and slower, the attraction
towards the optimal path x(r(t)) has enough time to act, and |u(t) — z(r(t))| will
tend to zero faster and faster compared to r(t). We give a formal statement of this
fact by studying the rate at which w(¢) approaches the optimal trajectory x(r(t)).

Theorem 3.2. In addition to the basic assumptions in §2, let us suppose that (SC)
holds with B(-) measurable and bounded over bounded sets. Let k > 1, and let r(t)
be a parametrization such that

| O
@) SR
Then
- Ju(t) —2(r(0)]
A R =0

Proof. Let E(t fo ))d7. As in [2, Theorem 3.2] it can be proved that

xpl B )~ #(r(0)] < u(0) ~rO)| — [ explB ()] | o) | ()

0

from which it follows that (notice that 7(¢) < 0)
@) u(®) —2z(r@)] _ [u©0) = z(r(0))] _ Jo exp[E(T))#(7) /7 (r(r))dr
r(t)* ~ exp[E@)]r(t)* exp[E()]r(1)*
)

We claim that 05 (t) := exp[E(t)]r(t)¥ diverges to +oo as t — oo, so the first
term on the right hand side of (4) goes to 0. Indeed, a straightforward computation
gives

k1 (0] = Bkt () [ 14 (b 15T

The boundedness of v(+) together with (3) implies that

7(t)
©) S )G
so that 4 i0k11(t) > 0 for ¢ sufficiently large. Hence dy41(t) is increasing for ¢ large,
and we may select to such that dxy1(t) > Op41(to) for ¢ > tg. This implies that
exp[E(t)]r(t)* > exp[E(to)]r(to)*T!/r(t) — +oo, as claimed.
It remains to show that the second term on the right hand side of (4) also tends
to 0. We shall do this by using l’Hopltal’s rule.

Let us begin by checking that T'(¢) := —fo exp|E(7)]7(7)/y(r(7)))dr diverges
to +o0o as t — oo. To this end let g( = —fo exp|E(7))7(7)dr and (t) =
exp[E(t)]r(t). Using (5) we get

9(t) _ — exp[E(8)]7(t) _ _—r@/IBe@)yr®)]
d(t)  explE@)B(r®)r(t) +i(t) 1+ 7()/[B(r{)r(t)]
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as t — oo. Therefore we may find T > 0 with g(t) < 4(t) for all t > T so that
(g9 — ) is decreasing, and then
g(t) — () < g(T)—(T) forallt>T.

Now, letting h(t) := r(t)(g(t) — g(T)) and using the previous inequality, we get

ht) = #()(g(t) — g(T) +r(t)(t)
= (t)(g(t) — g(T)) — exp[E(D)]7(t)r(t)
= #(®)(g(@) —9(T) = v(®))
> —i()P(T)
> 0

Hence h(t) is increasing, so that for ¢t > ¢ > T we have h(t) > h(t). Thus

(@
0 (9(t)
Since g(t) > ¢g(T) for t > T and r(t) — 0, it follows that g(t) — 400 when t — oo.
Comparing the expressions of g(¢) and I'(¢), and using the boundedness of v(-), we
conclude that lim;_,o, I'(t) = 400 as well.

We complete the proof by showing that the second term on the right hand side
of (4) tends to 0. Indeed, a straightforward computation gives

L(t) _ =)/ (r@®)Brt)r(t)*]
oe(t)  L+EF®)/[Br@)r@)]

which converges to 0 by (3) and (5). Using I'Hopital’s rule, we deduce that
)

)
— Jo explE(T)]F(7) /A(r(7))dr T NI YO
(

g(t) > g(T) +

lim m = lim = =0,
t—00 exp[E(t)|r(t)* t—o0 O (t)  t—00 §y(t)
as was to be proved. O

Remark 3.1. Notice that, in contrast with Theorem 3.1, condition (1) is not as-
sumed in Theorem 3.2. As a matter of fact, as a by-product of the above proof
(0x(t) — 00 as t — 00), we obtain that (1) is a consequence of (3) provided k > 1.
We do not know if (1) also follows from this condition when & = 0, but one can
show that this is the case if one assumes in addition that [;°(1/7(r))dr = +oc.

The strict convexity condition (SC') may be too stringent for some approximation
schemes (we shall see this in the examples), while a localized version of this condition
may still hold, namely

for all r > 0 and K > 0 there exists Sk (r) > 0 such that
(LSC) f(x,r)+<u,y—x>+ﬁKT(r)|x—y|2gf(y,r)
for every z,y € H such that |z| < K, |y| < K, and v € 0f (x, 7).

Based on this relaxed condition, one can get the following variant of Theorem 3.1.

Theorem 3.3. In addition to the basic assumptions in §2 let us suppose that the
optimal trajectory x(r) has finite length,

(©) JE=t

g (r)| dr < 400 for some rg > 0.
r
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Let us assume also that (LSC) holds with Bk (-) measurable and bounded over
bounded sets, and that the parametrization r(t) satisfies

/OO Bx (r(7))dr = +o00 for all K > 0.
0

Then u(t) converges strongly towards x* as t — oo.

Proof. See [2, Theorem 3.2]. O

The finite length assumption, which replaces condition (2) of Theorem 3.1, is
used to establish that the solution u(¢) remains bounded (see the proof of [2, The-
orem 3.2]). Hence there exists a constant K > 0 such that the trajectories u(t) and
2(r(t)) remain in B(0, K), and one may repeat the analysis of Theorem 3.2 with
Bk (r) in place of the global strong convexity constant G(r). Taking this observation
into account, we may state the following variant of Theorem 3.2.

Theorem 3.4. In addition to the basic assumptions in §2, let us suppose that the
finite length hypothesis (6) and (LSC) hold with Bk (-) measurable and bounded
over bounded sets. Let k > 1, and let r(t) be a parametrization such that

i r(t) = or a
() N e N 0 O A
Then
() — 2(r(0)]
tliglo T =0.

The previous results on the rate of convergence will be exploited in §5 in the con-
text of the duality theory for the logarithmic barrier method in linear programming.
For the moment we present two simple applications.

3.1. Example: the viscosity method. Let us consider the original problem (P)
with an optimal set S(P)# () not reduced to a singleton. The classical Tikhonov
regularization scheme [15] approximates (P) by the family of strongly convex func-
tions f(x,r) = f(x) + §|z[?, for which (SC) is satisfied with 3(r) = r.

It is known [15] that in this case (P,) has a unique optimal solution z(r) which
converges to the element z* € S(P) with minimal norm. Moreover, [2£(r)| < C/r
for some constant C' > 0 (see [2, 16]), so we can take y(r) = r.

The application of Theorem 3.2 is immediate: if we choose a parametrization
r(t) such that lim;_ o #(¢)/r(t)**2? = 0 with k& > 1 (for instance r(t) = 1/t* with
a < 1/(k+1)), then the solution u(t) of

{ w(t) + Of (u(t)) + r(t)u(t) =0,

u(0) = uo,
satisfies
_u(®) —z(r()]
S O 0.

Furthermore, by using Theorem 3.1 and noting that lim;_, #(¢)/7(t)> = 0 implies
fooo r(T)dT = 400, it follows easily that this remains true for k = 0.
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3.2. Example: the exponential penalty. Consider the linear program

(LP) m%%n {c'z : Az < b},
TER™
where ¢ € R™, A is an m X n matrix, and b € R™. We assume that (LP) has
a nonempty and bounded optimal solution set S(LP)# (. Recall that the dual
problem of (LP) is given by
(DP) )\mﬁl{l A AN +¢c=0,\>0}.
cRm

The exponential penalty method consists in approximating (LP) by the smooth

unconstrained problems

. 1 . _ .
(LP,) min c'z +r ; exp[(A;x — b;) /1],

where A; denote the rows of A, so that in this case

flz,r)=cz+r Z exp[(A;z — b;)/7].
i=1
It is known [7] that (L P,) has a unique optimal solution z(r) and that this trajectory
converges when r — 0 towards a particular point 2* € S(LP) called the centroid.
Moreover z(r) is of class C* on (0, +00) and |42(r)| remains bounded as r — 0,
so that the trajectory has finite length.

A direct computation of the Hessian of f(-,r) shows that (LSC) is satisfied,
but (SC) fails unless the feasible set of (LP) is bounded. More precisely, for every
K > 0 there exist positive constants M and L such that Sk (r) > (L/r) exp[—M/r].

The existence (and uniqueness) of a global solution u(t) for (EV) in the case of
the exponential penalty was established in [6]. In the same reference it is proved
(this also follows from Theorem 3.3) that under the assumption of slow decay

<1

/ —— exp(—a/r(7))drT = oo for all a > 0,
o r(7)

the trajectory u(t) converges towards the centroid x*.

The application of Theorem 3.4 to this example is straightforward. Since |‘;—f(r)|
is bounded, if we choose the parametrization r(t) so that

L expla/r(H)F(1)
t—oo T(t)k_l
with k& > 1 (this holds for instance with r(t) = 1/In(Ilnt) for every k > 1), then

Lo L) = (1)

e (D)

=0foralla>0

=0.

In the following result the case k = 1 plays an important role.
Corollary 3.5 (Convergence of Multipliers). For all i € I let us set
Ai(t) == exp|(Aiu(t) — bi)/r(t)].
If r(t) satisfies
tlirgo exp(a/r(t))r(t) =0 for all a > 0,

then limy_, oo i (t) exists, and it is an optimal solution of the dual problem (DP).
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Proof. Tt is known (see [6]) that (exp[(A;z(r) —b;)/7];i € I) converges when r — 0
towards a dual optimal solution \* € S(DP). Since by the previous discussion we
have

Lo L) = o (r(0)

=0
(D) ’

it follows at once that (exp[(A;u(t) —b;)/r(t)];i € I) converges to the same A\*. O

4. FAST CONVERGENCE RESULTS
In the setting of the exponential penalty of example 3.2, it was proved in [6] that
under the assumption of fast decay

/ r(T)exp(—=M/r(7))dr < oo for all M > 0,
0

the trajectory u(t) still converges towards a particular solution u, € S(P), which
may now be different from the centroid x*. In this section we extend this result to
the general setting of (EV), for which we shall use the following lower semiconti-
nuity assumption:

@ flz) < likminff(xk,rk) for all x € H, r, — 0 and zj, — =.

We distinguish the finite and infinite dimensional cases.

Theorem 4.1. In addition to the basic assumptions in §2, let us suppose that (C)
holds, that H is finite dimensional and that the optimal trajectory x(r) satisfies the
finite length assumption (6). Let r(t) be such that

(8) for all w € S(P) there exists € > 0 such that tlim Te(t) < o0,
where Tc(t) := fot[f(x(r(T)) +e(w—a*),r(r)) — f(a(r(1)),r(1))|dr. Then the solu-
tion u(t) of (EV) converges to a particular solution us, € S(P).

Proof. We claim that |u(t) — | converges when ¢ — oo, for all @ € S(P). The
conclusion will follow by showing the existence of a sequence ¢, — oo such that
u(ty) converges towards a point us, € S(P), so that
tlim [u(t) — o] = klim |u(tr) — uoo| = 0.
We begin by considering the specific case u = x*.
Let o(t) == $|u(t) — x(r(t))]* and A(t) := (—a(t), u(t) — z(r(t))). A straightfor-
ward computation gives, for almost all ¢t > 0,

) GO = () ) (1), ut) - 2(r1))
-8 = #(0) |50 ut0) ~ 20

We observe that since —u(t) € 9f(u(t),r(t)) a.e. and 0 € df(z(r(t)),r(t)), the
monotonicity of the subdifferential implies that A(¢) > 0 a.e., and then

b )| VIR T,

dr

IN

p(t) < = (@) | —~(r(®)| [u(t) —2(r(t)] < —7(t)
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Dividing by 2+/¢(t) + 1 and defining I(t) \/— f 0) | da 42| dr, we deduce that

% (Ve 1~ I@} <0ae,

so that v/p(t) + 1—1I(¢) is non-increasing. Now, the convergence of I () implies that
V(t) +1—1(t) is bounded below, so that it converges, and then ¢(t) converges
too. Since x(r(t)) converges to z*, we conclude the existence of lim;_, oo |u(t) — .

Let us consider next the convergence of |u(t) — @| for an arbitrary a € S(P).
Since

|u(t) — ﬁ|2 = |u(t) — ;1c*|2 +|z* — a|2 —2(z", 2" —a) + 2{u(t), " — a),

*

it suffices to establish the existence of lim;_, o (u(t), z* — @). In order to show this,
we use Fenchel’s inequality and the inclusion —u(t) € df (u(t),r(t)) to get

(=a(t), z(r(t) + et — %) —u(®)) < f(x(r(t) +e(@—=z%),r(t)) = f(u(t), r(t)),

so that, using the optimality of x(r(¢)) and the definition of A(t), we deduce

e(a(t), =" —u) < A(t) + f(a(r(t)) + e(@ —z7),r(t)) — f(a(r(t), r(?)),

which implies that
d t
L —/ A(r)dr — I‘e(t)} <0

From the hypothesis of the theorem we have that I'.(¢) converges as t — co. On the
other hand, using (9) and the boundedness of ¢(t), we may find a constant L > 0
such that

dx
2 r(e)

)

0 <A() < —¢(t) - Li(t)

which after integration yields

t T(O) de'
[amar < po) e[ |F|ar
0 r(t) 0T
O | g
< L —
< (0)+ /0 = dr,

from which we also obtain the convergence of fg A(7)dT when t — oo.

These convergences together with the boundedness of u(t) imply that the func-
tion ¢ — e(u(t), z fo 7)dr — T'c(t) is non-increasing and bounded below,
thus convergent When t — 00. From this it follows at once that (u(t),z* — @) con-
verges, establishing our claim: |u(t) — @| converges when ¢ — oo, for all @ € S(P).

It remains to establish the existence of a sequence ¢, — oo such that wu(tx)
converges to some us, € S(P). To this end we observe that the function A(t) is
non-negative with [° A(7)dr < oo, so that we may find a sequence t, — oo such
that A(tx) — 0, and which may be further chosen so that —u(ty) € df (u(tr), r(tx))-
By extracting a subsequence if necessary we may also assume that u(t;) converges
towards a certain us. Using Fenchel’s inequality and the definition of A(t), we get

fultr), r(te)) < f(2(r(te)), r(te) + Alt),
so that, using the fact that f(xz(r(tx)),r(tx)) — inf{f(z) : © € H} and the conver-
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gence hypothesis (C'), we deduce that
flus) < t{f(z): 2 € H}.
that is to say us € S(P), achieving the proof of our theorem. |

In the infinite dimensional case we may also establish the weak convergence of
u(t) under an extra monotonicity assumption.

Theorem 4.2. In addition to the basic assumptions in §2, let us assume conditions
(C) and (6). Let us suppose further that for each K > 0 there exists rx > 0
such that r — f(x,r) is non-decreasing on (0,rk) for all x € B(0,K). Then, if
r(t) satisfies (8), the solution u(t) of (EV) converges weakly towards a particular
solution us, € S(P).

Proof. The proof is a slight modification of the previous one. As a matter of fact,
the argument leading to the convergence of |u(t) —u| for all @ € S(P) was not based
on finite dimensional arguments, so that we just need to modify the conclusion: we
shall prove that every weak accumulation point of wu(t) belongs to the optimal
solution set S(P), so that the conclusion follows by invoking Opial’s lemma [13].

On account of the assumption (C'), it suffices to show that f(u(t),r(t)) converges
to inf{f(x): x € H}. As a matter of fact, since we have

J () r(0) — Fla(r(n) () < / " A(r)dr < oo,
0 0

and since f(x(r(t)),r(t)) — inf{f(x) : © € H}, this reduces to showing that
flu(t),r(t)) converges, which is a direct consequence of [9, Proposition 1]. |

Remark 4.1. Clearly, by appropriately modifying the function f, one may also con-
sider the case when there exists a function ¢ : Ry — R such that lim,_ o+ ¢(r) exists
and r — f(z,7) + (r) is non-decreasing for r small.

Remark 4.2. Weak convergence of u(t) in the infinite dimensional case was also
established in [9, Theorem 2] under a weaker form of monotonicity (see assumption
(A) in [9]). However, the analysis in that work is based on a fast parametrization
condition which is of a different nature than (8): instead of controlling the speed
of convergence through the bias of an optimal path x(r), this speed is controlled in
terms of the distance between the epigraphs of the approximating function f(-,7(t))
and the limit function f(-), which is a strengthened form of Mosco-convergence (see
assumption (B’) in [9]).

5. APPLICATION TO THE LOGARITHMIC BARRIER IN (LP)

We present next the application of the previous results in the case of the loga-
rithmic barrier function associated with the linear program

(LP) min{c'z : Az < b}.
We suppose that the optimal solution set of (LP) is nonempty and bounded, so

that the m x n matrix A has full rank n (n < m).
The logarithmic barrier method is given by

1 t —_ JR— .
(LP;) wrgllgn<{c x—r ; In(b; — A;x)},
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where 7 > 0 and P< := {& € R" : Az < b} is the domain of the barrier function
f(z,r) == cte —r> " In(b; — A;z). The function f(-,7) is not defined outside
P<, and f(x,r) tends to 400 when = approaches the boundary of the feasible set
of (LP), which acts as a repulsive barrier that prevents one from violating the
constraints.

It is known that (LP,) has a unique solution z(r) which tends towards a partic-
ular point z* € S(LP), called the analytic center, and that the function z(r) is of
class C* on (0, +o00) with [4Z(r)| < L for a suitable constant L and all r close to 0.
This trajectory has been extensively studied in recent years because of its relevance
to the so-called interior point methods (see [3, 11, 12] and references therein).

The evolution equation (EV') becomes in this case

w(t) = —[e+ S0, = Al
(LEV) { u(0) = o, bi-A

where the initial value wg is supposed to belong to P<. We begin by establishing
the existence of a global solution of (LEV).

Proposition 5.1. There exists a unique solution u(t) of the problem (LEV'), which
is defined on the whole interval [0,+00) and satisfies u(t) € P< for all t > 0.
Moreover, u(t) is of class C*°.

Proof. Let u : [0,T) — P< be a maximal solution of (LEV) and suppose that
T < +o00. We shall prove that lim;_p u(t) exists and belongs to P<, so that the
existence and uniqueness of local solutions for (LEV') contradict the maximality of
u. From this we get simultaneously T = 400 and u(t) € P< for all ¢ > 0.
Since the trajectory x(r) satisfies the finite length assumption (6), we can prove
that u(t) stays bounded, just as in the first part of the proof of Theorem 4.1.
We observe next that u(t) stays bounded away from the boundary of P<, namely,
there exists € > 0 such that u(t) € P := {z : Ajx < b; — ¢, = 1...m} for all
€ [0,T). Indeed, since u(t) stays bounded we may find a constant M such that
S In(b; — Aju(t)) < M, and then a straightforward computation gives

Hence
%f(u(t),r(t)) < —7(t) Zln(bi — Asu(t)) < —Mr(t).
i=1

It follows that f(u(t),r(t)) + Mr(t) is a decreasing function of ¢; thus f(u(t),r(t))
remains bounded from above for ¢ € [0,7"). From this we get easily that u(¢) must
stay away from the boundary of the feasible polytope P, and by continuity we
deduce the existence of € with the required property.

To conclude the proof it suffices to remark that

r(0) ¥~
|<|C|+Zb |A|<||+—;|Ai| for all ¢ € [0,T),
from which we deduce the existence of lim;_,p u(¢) which belongs to P¢ C P< O
We prove next that the solution u(t) of (LEV') converges when ¢t — oo towards

an optimal solution us, € S(LP). The arguments for proving this convergence
differ depending on whether the function r(t) is integrable on [0, 00) or not.
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Proposition 5.2. For every decreasing function r(t) such that r(t) goes to 0 when
t — o0, and for every ug € P<, the solution u(t) of (LEV) converges as t — 00
towards an optimal solution us € S(LP).

Proof. The equality

o 1
W2 f(z,r)h =1 ———(A;h)?
; (bl — AZZZ?)2

and the full rank of A imply that condition (LSC) holds with Sk (r) = agr for
appropriate constants a. Now, since |dz/dr| is bounded we may apply Theorem
3.3 to conclude that when fooo r(7)dT = +00 the trajectory u(t) converges towards
the analytic center z*.

In the case [, r(r)dr < +oo the convergence of u(t) will follow from Theorem
4.1 if we check (8). To this end let us consider a given u € S(LP) and take € > 0.
Let us set z.(t) := x(r(t)) + (@ — z*). We notice that ctx(r(t)) = clz.(t) and
Ajx(r(t)) = Ajze(t) for i € Iy, where Iy := {i: Ajz =b; for all z € S(LP)}. Then,

Flae(®),r(t) = f@(r(®),r(t) = r(t) Y [In(bi — Aix(r(t)) — In(b; — Aizc(t))] .
igIo

Since the trajectory z(r) is bounded we may find a constant K such that

(10)  flwe(®),r(t) = f(@(r(),r(t)) < r(t) [ K = In(b; — Ae(t))

iglo
Moreover, it is known that the analytic center x* belongs to the relative interior
of S(LP), which implies that A;z* < b; for all ¢ ¢ Iy. We may use this inequality
to find o > 0 such that for € close enough to 0 and all ¢ sufficiently large one has
bi— A;x(t) > «. Using this in combination with (10), we may find another constant
K such that

Fae(t), r(t)) — fla(r(t),r(t) < Kr(t),
from which it follows that lim;—,o, Tc(t) < 400, as was to be proved. O

This result shows that the conditions of fast and slow decay are complementary
in the case of the log barrier for linear programming. We remark that this is not
always the case, as observed in [7] for the exponential penalty. In the general case
it remains as an open question to establish whether lim;_, o, u(t) exists for every
parametrization r(t) or not.

Concerning the results of §3 on the rate of convergence when r(t) decays slowly,
a straightforward application of Theorem 3.4 tell us that if the parametrization r(t)
is such that lim;_ 7(t)/r**1(t) = 0 (e.g. r(t) = 1/t* for a < 1/k), then we have

po ) @)
e (D)
The particular case k = 1 allows us to prove the convergence of some estimates of
Lagrange multipliers for (LP) associated with u(t), namely

Proposition 5.3 (Convergence of Multipliers). Let \;(t) := r(t)/(b; — A;u(t)) and

suppose that r(t) satisfies limy_.o 7(t)/r%(t) = 0. Then lim;_ oo A(t) ewists, and it
is an optimal solution for the dual problem (DP) of (LP).
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Proof. Tt suffices to notice that r/(b; — A;x(r)) is known to converge towards a dual
optimal solution A\* € S(DP) (see [12]), and the condition lim;_,« 7(t)/r%(t) = 0
implies that lim;_, o |u(t) — x(r(¢))|/r(t) = 0. O

6. CONTINUOUS TRANSITION FROM FAST TO SLOW DECAY

We conclude by establishing a simple continuity result concerning the application
that associates with a given parametrization r(-) the limit v’ of the corresponding
solution u"(t). More precisely, we establish that the limit u”,, converges towards z*
when we pass from fast decay to slow decay.

As mentioned in the previous section, the convergence analysis under the as-
sumptions of slow and fast decay may or may not cover all the possible decreasing
functions r(t). Therefore, we shall consider the set £ of parametrizations () de-
creasing to 0 such that the limit u”_ := lim;—, o u” (t) exists, where u" is the solution
of (EV) corresponding to r.

Theorem 6.1. In addition to the assumptions in §2 let us suppose that (SC') holds
with () measurable and bounded over bounded sets, and that the optimal trajectory
x(r) satisfies the finite length assumption (6). Let {ry : k € N} be a sequence in L
which converges pointwise towards some r € L. Let u*(t) be the solution of (EV)
corresponding to ri(t), and denote

ub = lim ¥ (t).

t—o0

If the sequence 1 is such that fooo B(ri(r))dr — oo when k — oo, then

. E o_ o«
lim ug, =2".

k—oo
Proof. Using the estimate

dzr

o (0) = ()] < =P Olug —aru ()] = [ PO Ty ()

where Fj(t) := fot B(ri(€))d¢ (see [2, Theorem 3.2]), and letting ¢ — oo, we obtain

dzx

7] < g — a(rp )] - [ eBHE A )
0 T

7 (7)dT.

Since by hypothesis we have Ej(o0) — oo, the first term on the right-hand side
goes to zero when &k — co. In order to show that the integral term also goes to 0
we split it in two pieces: for each M > 0 we have

— / Bk (7)=Bi(c0) d—x(rk(T)) ik (T)dr
0 d'l"
Bo(M)—Ex(o0) ] dz ) <l dx ,
< —etk k —(re ()| 7k (T)dT — — (re(7))| 7 (7)dT.
0 dT‘ M d'f’

Letting k — oo for M fixed, we see that the quantity

By (M) — Ey(00) = — /Mm Blra(€))de

diverges to —oo, so that the first term on the right converges to 0 while the second
term goes to fOT(M) |4 | dr. Since for M — oo the latter can be made as small as
desired, we deduce that the integral on the left converges to 0 when &k — oo, and
the proof is complete. O
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Remark 6.1. The previous result remains valid if the initial point ug is also per-

k

turbed for each k, provided the sequence of initial conditions g remains bounded.
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